Abstract-The response of a Silicon Photomultiplier (SiPM) to optical signals is affected by many factors including photon-detection efficiency, recovery time, gain, optical crosstalk, afterpulsing, dark count, and detector dead time. Many of these parameters vary with overvoltage and temperature. When used to detect scintillation light, there is a complicated non-linear relationship between the incident light and the response of the SiPM. In this paper, we propose a combined discrete-time discrete-event Monte Carlo (MC) model to simulate SiPM response to scintillation light pulses. Our MC model accounts for all relevant aspects of the SiPM response, some of which were not accounted for in the previous models. We also derive and validate analytic expressions for the single-photoelectron response of the SiPM and the voltage drop across the quenching resistance in the SiPM microcell. These analytic expressions consider the effect of all the circuit elements in the SiPM and accurately simulate the time-variation in overvoltage across the microcells of the SiPM. Consequently, our MC model is able to incorporate the variation of the different SiPM parameters with varying overvoltage. The MC model is compared with measurements on SiPM-based scintillation detectors and with some cases for which the response is known a priori. The model is also used to study the variation in SiPM behavior with SiPM-circuit parameter variations and to predict the response of a SiPM-based detector to various scintillators.
Simulating Silicon Photomultiplier Response to Scintillation Light I. INTRODUCTION S ILICON photomultipliers (SiPMs) are emerging as photon-sensing devices in many applications due to their attractive features such as low operating voltage, small size, extremely high gain, immunity to magnetic fields, fast turn-on and turn-off times, stability, compactness, and robustness [1] [2] [3] [4] [5] [6] [7] [8] [9] . They are being studied for use in many applications to detect scintillation light, such as in positron emission tomography (PET) systems [10] [11] [12] [13] [14] [15] , multimodality PET-magnetic resonance imaging (MRI) systems [16] , [17] , single photon emission computed tomography (SPECT) systems [18] , and high-energy physics systems [19] , [20] , [21] , [22] . Due to this wide usage, many tasks have emerged that require relating the SiPM output to scintillation light. These tasks include optimizing the design of the SiPM-based detector for a particular application, estimating difficult-to-measure SiPM parameters, determining event time for time-of-flight (TOF) PET systems, determining the location of interaction of a gamma-ray photon with the scintillation crystal in a nuclear imaging system, performing corrections on measurements of energy spectra, studying statistics of scintillation light, predicting scintillation-detector performance such as energy resolution, evaluating imaging systems that use SiPMs, and calibrating SiPM-based detectors [20] , [23] [24] [25] . However, the relationship between SiPM output and scintillation light is complex. The performance of a SiPM-based detector is significantly affected by the inherent non-proportionality of the SiPM response. SiPMs suffer from non-linear effects, parameter variation due to varying overvoltage, and noise phenomena such as optical crosstalk, afterpulsing, and dark counts [26] . Scintillation light pulses are inhomogeneous-intensity processes and can have a long decay time and/or high light yield. As a result, the behavior of the SiPM varies within the duration of the scintillation pulse, further complicating this relationship [25] .
To deal with this complexity, we require models that relate the measured electronic signal with the input optical signal. There has been research to model SiPM response using both analytical and Monte Carlo (MC) simulation approaches. Van Dam et al. [24] have developed a completely analytical model that simulates SiPM response based on the physical and functional principles that are generally applicable to scintillation light pulses. Although analytical models are useful, it is difficult for these models to account for all processes that occur in the SiPM, such as variation of SiPM parameters with overvoltage, effect of output voltage, deadtime, and dark counts. Moreover, it is complicated to obtain an accurate analytic expression for the variance of the SiPM output. Computation of the output variance is useful in many tasks such as determining the energy resolution of detectors or determining the interaction-location of a gamma-ray photon using maximum-likelihood methods in a nuclear-imaging system [27] . Due to these reasons, MC simulation approaches are an important alternative method. The MC model can account for all the relevant SiPM phenomena, and be used to obtain accurate SiPM response and variance of the SiPM output.
A SiPM consists of an array of Geiger-mode avalanche photodiodes (GM-APDs), also known as microcells [24] . Circuit-0018-9499/$31.00 © 2013 IEEE simulation studies have examined the electronic response of an individual microcell [28] , [29] . These studies have been extended for SiPMs [30] , [31] , but they primarily address sources that emit fast light pulses, e.g., light emitted from a fast laser source. Thus, these studies do not consider many effects that arise when the light pulse is of a similar duration as the SiPM recovery time. To simulate the SiPM output to constant-intensity light, MC models have been developed [32] , but these models do not consider the variation in light intensity and device response with time, as is required for modeling SiPM response to scintillation light. MC models to simulate SiPM response to scintillation light have also been designed [21] , [25] , [33] [34] [35] . However, most of these models focus on simulating some specific aspects of the SiPM response, or specific input scintillation-light characteristics. Thus, they do not model all the relevant SiPM phenomena. Moreover, in these models, the effect of the different SiPM-circuit elements on the single-photoelectron response and the voltage drop across the SiPM microcell is not explicitly considered. Therefore, the electrical characteristics of the SiPM are not modeled accurately.
A simulation of SiPM response to scintillation light that includes all relevant processes should satisfy many criteria, such as SiPM-state change on occurrence of an avalanche, stochastic nature of afterpulsing, optical crosstalk, and dark count processes, voltage drop across the readout circuit, and the variation in the different SiPM parameters, namely the gain, internal quantum efficiency (QE), dark count rate, optical crosstalk and afterpulsing probability, within the duration of the scintillation pulse. The model should also account for the electrical characteristics of the SiPM circuit and accurately simulate the transient response of the output due to an avalanche. This is required to accurately determine the probability of a photon triggering an avalanche and the magnitude of output charge due to such an avalanche. Finally, the dependence of the various SiPM parameters on temperature, and phenomena such as the dead time of microcells following an avalanche should be considered.
Considering the above-mentioned criteria, to simulate the SiPM response in a computationally efficient manner, we treat the problem as a combined discrete-time discrete-event process [36] , [37] . We first develop techniques to accurately model SiPM electrical response, optical crosstalk, afterpulsing, effects due to the readout circuit, variation in SiPM parameters within the duration of the scintillation pulse, and the dead time. We also derive a novel analytic expression for the single-photoelectron response and voltage drop across the SiPM circuit elements when an avalanche occurs. These expressions account for the effect of all the circuit elements in the SiPM at any instant of time and thus help us accurately simulate SiPM-parameter variation. The simulation mechanism then integrates all these methods using the discrete-time discrete-event framework. Thus, the software simulates SiPM phenomena that were not completely considered in the previous models.
In the sections to follow, we elaborate further on the simulation. We first discuss the various phenomena that contribute to the SiPM response to a scintillation light pulse and, in the process, derive the expression for the single-photoelectron response of the SiPM.
II. SIPM RESPONSE TO SCINTILLATION LIGHT PULSE

A. SiPM Circuit Response
Consider a gamma-ray photon with energy that interacts within a scintillator, with light yield (expressed in optical photons per unit deposited energy), and deposits its energy at the interaction point. Consequently a scintillation pulse is produced, which is typically an inhomogeneous intensity Poisson process [38] . A fraction of the scintillation photons is absorbed in the active volume of the SiPM, where denotes the photoncollection efficiency of the SiPM.
A schematic of the SiPM and its readout circuit are shown in Fig. 1 . A SiPM is composed of about microcells, each of which are reverse biased at voltage and in series with a quenching resistor . Each microcell is biased above the breakdown voltage by an amount , also referred to as overvoltage. When no current is flowing across the SiPM, the initial overvoltage, which we denote by is (1) where is the breakdown voltage of the microcell. However, when current flow occurs through the SiPM, across the microcell decreases due to the voltage drop across the quenching resistance and the readout-circuit resistance.
When a photon is incident on one of the microcells of the SiPM, it might create an electron-hole pair in the microcell, which might then trigger an avalanche. The process of creating an electron-hole pair and triggering an avalanche have a joint probability , which is defined as the internal QE of a single microcell [24] . The probability of triggering an avalanche varies with overvoltage [21] , [26] , [39] . The SiPM detector photon-detection efficiency (PDE) is defined as the product of the internal QE and the photon-collection efficiency .
The triggering of the avalanche results in microplasma current, which rises swiftly with nanosecond or sub-nanosecond rise time to a value in the milliampere range [25] , [40] , [41] . This leads to current flow in the circuit, which causes a voltage drop across the quenching resistance as shown in Fig. 1 . Due to this voltage drop, the voltage and microplasma current across the GM-APD reduce exponentially to their steady-state values, with a decay time . As the voltage across the diode reduces to , the intensity of the microplasma current becomes very low, the number of carriers that traverse the avalanche region becomes very small, and eventually the avalanche is quenched. Therefore, this decay time is also referred to as the quenching time constant and is given by [30] , [40] ( 2) where and are the reverse-biased diode resistance and capacitance, respectively. For the Hamamatsu multipixel photon counters (MPPCs), fF, k , and k [30] so that ps. If another photon arrives within this time duration, it does not trigger an avalanche. Thus, corresponds to the deadtime of the microcell due to the avalanche being in progress [41] .
The GM-APD can be modeled as a voltage source [28] , [30] , [40] or as a current source [25] , [31] , [41] . In our analysis, we model the GM-APD as a current source in parallel with a diode capacitance , as shown in Fig. 2 . Modeling the GM-APD as a current source helps to model the rise time of the microplasma current accurately. The current source models the total charge delivered by the microcell during a single avalanche event. We define the gain of the SiPM as the expectation value of the number of output charge carriers due to a single fired cell at the given overvoltage. Then, the total charge due to a single avalanche event is
, where denotes the charge of an electron. As discussed, the delivery of this charge consists of a combination of exponentially rising and decaying pulses. Without loss of generality, assume that the avalanche is triggered at time . Then the expression for is given by (3) where is the unit step function. It can be verified that this expression is correctly normalized and satisfies the initial-and final-value conditions, i.e., at and at . After the avalanche is quenched, the capacitance recharges, leading to the recovery of the diode. If any photon strikes the diode during this recovery phase, it can be detected. However due to the voltage drop across is less than . Due to this reduction in , as discussed earlier, the internal QE of the microcell is reduced, leading to a smaller probability of the photon triggering an avalanche. The gain of the microcell is also linearly dependent on as [24] (4) Therefore, due to the reduction in , the output charge produced due to an avalanche when the diode is in its recovery phase is also reduced. As we discuss later, the reduction in also affects other SiPM parameters.
The above-described electrical processes occur in all the microcells when scintillation photons are incident on them. The current pulses generated from the individual microcells add up and are measured by the readout circuit of the SiPM. The voltage drop across any resistance in the readout circuit decreases the value of across all the microcells. This voltage drop can occur in the readout-circuit resistance , as shown in the SiPM-circuit diagram in Fig. 1 . Generally there is an amplifier in parallel to the readout-circuit resistance, but due to its high input impedance, its effect on the equivalent resistance is negligible. The voltage drop can also be at the input resistance of a preamplifier and/or the resistance of filter circuitry at the power-supply lines in the readout circuit. Depending on the number of fired cells and the value of the series resistance, the reduction in could be large. This effect is significant when the light levels are high, for example, at the peak of a scintillation pulse. Also, the effect is more pronounced when the light pulse is of the same order of magnitude as the SiPM output pulse duration. Due to the relatively long duration of most scintillation pulses, many scintillation detectors using SiPMs are affected by it [21] , [24] .
To summarize, the overvoltage across a microcell reduces due to the voltage drops across the quenching resistance and the readout-circuit resistance . Depending on the magnitude of , many microcell parameters are affected. It is thus important to derive accurate expressions for the voltage drops across and , in order to determine accurately at any time following an avalanche. These expressions are also required to determine the transient output response of the SiPM. To compute these voltage drops, we first derive the analytic expression for the current through when only a single microcell fires. We refer to this output as the single-photoelectron response. We then derive the expression for the current through the quenching resistance of the microcell that has fired.
The equivalent circuit of the SiPM when only a single microcell fires, with the fired GM-APD being modeled as a current source, is shown in Fig. 2 [31] , [41] . We denote the quenching resistance and capacitance by and , respectively. The reverse-biased diode capacitance is denoted by . The equivalent reverse-biased diode capacitance, quenching resistance and quenching capacitance due to the unfired microcells connected in parallel is given by the circuit elements and , respectively, where denotes the number of microcells in the SiPM. There is also a small parasitic capacitance parallel to each microcell that accounts for the parasitics between the substrate of the device and the contact of the quenching resistor [31] . The combined contribution of all these parasitics is given by the stray capacitance .
Using Kirchhoff's current and voltage laws to analyze this circuit, and transforming the equations to Fourier-domain, we obtain the expression for the single-photoelectron response current across the readout-circuit resistance . The microcell-circuit analysis, shown in Appendix A, yields the expression for as (5) where we have defined the following time constants for ease of notation:
and where is the Fourier transform of the diode current, and from (3), is derived to be (7) The integral of (5) is evaluated using contour-integration methods. The derivation is detailed in Appendix B. The final expression for the output current is (8) where the constants are defined as below:
where and are the roots of the quadratic expression in the denominator of (5). These roots are given by (10) The time constants and are for the exponential decay due to the microcell-circuit elements. We thus have an analytic expression for the single-photoelectron response. We validate that the derived expression is properly normalized by integrating this current from time to , to obtain the total output charge that flows through the readout-circuit resistance.
Since all the charge emitted by the GM-APD flows through the readout-circuit resistance, this value should be equal to , and this is verified. The expression for also satisfies the initial-and final-value conditions, namely at and . We note that for typical SiPM-circuit parameter values, it can be shown that . This expression is a common approximation for the time constant of the exponential decay due to the microcell-circuit elements [25] .
The current across the quenching resistance , denoted by , is similarly derived as detailed in Appendix C. The expression for is given by (11) where the constants are defined as,
The expression for also satisfies the initial-and final-value conditions. In the results section, we further validate the above-derived expressions using circuit-simulation techniques. We note that for typical values of the above-defined time constants in a SiPM, we can approximate the expression for to (13) which is a commonly used approximation for the current across the quenching resistance [21] , [24] . To determine the net output charge from the SiPM, we can add the output from individual microcells as long as we consider the effect of the voltage drop across the readout-circuit resistance on the overvoltages across the triggered microcells [30] .
B. Afterpulsing
We define afterpulsing as the number of additional triggers in the same cell per original avalanche [24] . The probability distribution of the number of afterpulses originating from a single avalanche can be described by a Poisson distribution with mean [24] at . We denote the time between the triggering of the avalanche causing the afterpulse and the triggering of the afterpulse by . For each trapped charge carrier that initiates an additional avalanche, the probability distribution of , which we denote by , can be described as a sum of multiple exponentials with time constants ranging from to to seconds [42] , [43] . It has been shown that we need to consider at least two of these exponentials to model the afterpulse phenomenon accurately [26] , [42] , [43] , so that (14) where and denote the time constants of the fast and slow components of the afterpulse, while and correspond to the average number of fast and slow afterpulses, respectively, so that their sum is equal to . The probabilities of the short and long afterpulses are almost equal to each other [21] . The number of afterpulse events due to an avalanche is proportional to the amount of charge produced in the avalanche, which is dependent on the overvoltage. Therefore, the probability of afterpulsing is dependent on the overvoltage [21] , [24] , [43] . It has been observed experimentally that for the Hamamatsu MPPC S10362-11-050C, the probability of afterpulsing depends on the overvoltage quadratically, and the time constants and the amplitude of the short component of the afterpulse decrease with temperature [21] , [43] .
C. Optical Crosstalk
During an avalanche, there can be emission of optical photons that may reach other cells and trigger additional avalanches. Consequently, two or more pixels can fire almost simultaneously, on the time scale of 1 ns [21] . This process is known as optical crosstalk [43] . Since this is a rare binomial process, the probability distribution of the number of crosstalk events due to a given avalanche is described by a Poisson distribution with mean . We note that our definition of includes only the primary crosstalks that occur from an original avalanche, and not the secondary crosstalks caused due to the primary crosstalks. Since the number of optical cross-talk events is proportional to the amount of charge produced due to the avalanche, which in turn is proportional to the overvoltage, therefore, the probability of optical crosstalk events varies with overvoltage [22] , [24] . For the Hamamatsu MPPC S10362-11-050C, it has been observed that the probability of number of optical crosstalk events varies with overvoltage quadratically [21] , [22] , [43] .
D. Dark Counts
Ideally a SiPM should produce no response in dark conditions. However, in practice, the seed carriers can be generated not only by optical excitations, but also by other mechanisms, such as the thermal generation of carriers due to the generation-recombination processes within the semiconductor and tunneling effects [44] . These charged carriers can then enter the Geiger multiplication region and trigger avalanches that are referred to as dark counts. Let denote the total dark count rate of the SiPM and denote the total measurement time. Then the number of dark counts are described by a Poisson distribution with mean at such that
The dark count rate varies linearly with overvoltage [21] , [22] and exponentially with temperature [21] .
III. SIMULATION OF SIPM RESPONSE
As we discussed, the SiPM parameters are all dependent on overvoltage across the microcell, which in turn, depends on the voltage across the quenching and readout-circuit resistances. The triggering of an avalanche is an asynchronous event. After an avalanche event occurs in a microcell, the voltage drop across the quenching resistance varies considerably due to the high value of this resistance. This voltage drop has a significant effect on the SiPM microcell parameters. To model the asynchronous avalanche event accurately, we simulate the triggering of an avalanche as a discrete-event process. Conversely, the readoutcircuit resistance is typically much smaller in comparison to the quenching resistance. Therefore, the voltage drop across the readout-circuit resistance is not as significant and immediate as the voltage-variation across the quenching resistance. Moreover, this voltage drop is also dependent on the avalanches that occur in all the microcells. Modeling the voltage drop variation across the readout circuit as a coarsely sampled discrete-time process is therefore computationally fast and relatively accurate. Because of the dual nature of the simulation mechanisms involved, we model the processes in the SiPM using a combined discrete-time discrete-event framework.
A flow chart of the simulation code for a single trial of the MC simulation is shown in Fig. 3 . In Fig. 4 , we show the various time notations that are used to describe the simulation mechanism. The simulation starts with reading the input parameters: the measured and fixed parameters of the SiPM, experimental-setup parameters, and the timestamps of all the scintillation photons. Depending on the scintillator decay time, we generate multiple non-uniform-duration time steps such that the number of photons in all the time steps is approximately uniform. We denote the time at which the the th time step starts by . For each photon incident on the SiPM, we first determine the time step it belongs to. We then find the microcell that the photon hits by sampling the spatial distribution of the incident light. Since the size of the SiPM is small, we assume a uniform spatial distribution of the photons on the SiPM, but if there is non-uniform spatial distribution, our model can easily account for that. Next, we consider the internal QE of the SiPM at and via binomial sampling, determine if the incident photon can cause an avalanche. This results in a list of "potential" photon-triggered avalanches. Similarly, we consider the dark current rate at and thus find the potential dark count events. We also add them to the list of potential avalanches.
One of the main data structures in our software, thus, is the list of potential avalanches. This data structure consists of four elements: the time-stamp of the potential avalanche, the type of avalanche it could be, i.e., photon-, dark-count-, afterpulse-or optical crosstalk-triggered, the microcell index of the potential avalanche, and the amount of charge that the triggering of this potential avalanche would eventually cause. Another main data structure in our simulation code is the microcell data structure.
This data structure consists of two elements: the list of the timestamps of the avalanches that have occurred in a given microcell during a given time step, and the amount of charge that the triggering of the avalanche caused. Any potential avalanche in this list that is separated in time from the previous potential avalanche by a value less than the dead time of the detector (2) is removed. At this stage in our simulation, we have the list of potential photon-or dark count-triggered avalanches. For the th potential avalanche initiated at time , we know its microcell index, which we denote by . Let us assume that this avalanche belongs to the th time step. Using (11), we determine the current flow at time through the quenching resistance due to all the previous avalanches that have occurred in the th microcell. We thus compute the voltage drop across the quenching resistance of the th microcell at time due to all the previous avalanches in this microcell. We denote this voltage drop by . The effective overvoltage across the th microcell at time , which we denote by , is then computed by subtracting the sum of diode-breakdown voltage , voltage drop across quenching resistance at time , and the voltage drop across the readout-circuit resistance at the beginning of the th timestep, , from the bias voltage . Since affects the gain, internal QE, dark count probability and other SiPM parameters of the th microcell, we recompute these SiPM parameters based on the relation between these parameters and the overvoltage. We then check if the potential photon-or dark count-triggered avalanche can actually occur, given the updated values of internal QE and dark count probability, respectively. This is done by computing the ratio of the updated parameter value at overvoltage and the parameter value at the overvoltage , followed by performing a binomial sampling with this ratio as the probability of occurrence of the potential avalanche. If the potential avalanche occurs, using the recomputed-gain value, the charge parameter in the data structure corresponding to this avalanche is updated.
Next, we determine if this th triggered avalanche can cause afterpulsing events. Afterpulsing is an inhomogeneous-intensity Poisson point process, with intensity function (14) . Therefore, we first sample a number from a Poisson distribution with the updated mean . We then sample time values from a distribution corresponding to the normalized version of , using which the occurrence-time of the afterpulsing events can be determined to be . Depending on their time of occurrence, the afterpulsing events are inserted into the list of potential avalanches. Any afterpulsing events that occur within the dead time interval in the considered microcell are removed.
We then determine if this avalanche can trigger an optical crosstalk by sampling from a Poisson distribution with the updated-mean . It is assumed that only the neighboring microcells are affected by this crosstalk [21] , [26] , [32] , [45] , and that the photon emission is isotropic so that each of the four neighboring microcells have a uniform probability of being triggered by the optical crosstalk. Optical crosstalk is considered to occur about 1 ns after the original avalanche [21] . All the optical crosstalk events are also added to the list of potential avalanches. Using this framework, we can model afterpulsing and crosstalk causing secondary crosstalk or afterpulsing events, up to any order.
The process is repeated for all the avalanches in the list in the given time step. After we have analyzed all the potential avalanches in the th time-step, at the time corresponding to the end of the time-step, i.e., , the current flow through due to all the avalanches that have occurred in the th and all previous time-steps is computed using (8) . Using this, the voltage drop across at time is determined. As a result, at the beginning of the next time step, the voltage drop across is known. Following this, all the potential avalanches in the next time step are considered. This process is continued for all the time steps until the measurement time expires. At the end of a single trial of this MC simulation, we have the list of all the triggered avalanches, along with their time stamps and the amount of charge flow due to them. Using this information, we can determine the total output charge through the SiPM, or if required, determine the output waveform using (8) . We can run this simulation multiple times to determine the mean and variance of the SiPM output.
For each simulation trial, we require the different measured parameters of the SiPM, such as the electrical-circuit parameters, the gain, internal QE, and the afterpulsing and crosstalk probabilities. The value of these parameters can be determined from experiments as mentioned in [21] , [24] , [26] , [30] , but these values can have measurement uncertainties. To model this uncertainty, we assume that the measurement errors are normally distributed with zero mean and variances given by the variances of the experimentally determined values. We have assumed a zero-mean normal distribution for the measurement error since it is the most commonly used model to characterize such errors. However, an alternative distribution can be easily incorporated. The sampled value of the error is added to the mean of the experimentally determined value and thus, the SiPM parameter is determined for the simulation trial.
As mentioned earlier, we simulate the SiPM as a discretetime process to account for the variation in voltage across the readout-circuit resistance during one scintillation pulse. To ensure that the simulation is stable with respect to the number of time steps, we divide the total measurement-time duration such that the number of photons in the different time steps are similar. We keep the number of time steps as an input parameter to the simulation so that it could be optimally set by the end user. This parameter should be kept reasonable so that the continuous variation in output voltage is modeled accurately and efficiently. An optimum number of time steps can be obtained for a given configuration by determining the number of time steps at which the SiPM output converges. Our scheme of non-uniform division of measurement time should help the convergence occur within a smaller number of time steps, thus improving the computational efficiency of the software.
There are some dependencies between the SiPM parameters and factors such as overvoltage and temperature, which do not have an analytical form. However often the SiPM end users have experimental data that can describe these dependencies. In the presence of such experimental data, to simulate the corresponding dependency, we implement a lookup-table approach. The end-user inputs the paired-measurement values, i.e., the value of the factor causing the SiPM-parameter variation, and the corresponding SiPM parameter value. Using these measurements and a splines-based interpolation technique, the value of the SiPM parameter is computed for the required value of the factor causing the SiPM parameter variation.
Finally, we also provide an interface in the software to turn off the effects of different phenomena in the SiPM. The interface helps to study the effect of different phenomena individually, measure certain SiPM parameters, design front-end electronics for SiPM-based detectors and perform sensitivity analysis. The simulation framework has been implemented using Matlab (Mathworks, Natick, Mass.).
IV. EXPERIMENTS AND RESULTS
A. Validating the Single-Photoelectron Response
In Section II-A, we verified that the derived expressions for the single-photoelectron response (8) , and the current through the quenching resistor (11) were correctly normalized. To further validate these analytic expressions, we simulate the equivalent circuit of the microcell of the SiPM (Fig. 2) using LTSpice IV [46] . LTSpice IV is a schematic-driven circuit-simulation program originally based on Berkeley SPICE 3F4/5. We simulate the microcell of the Hamamatsu MPPC S10362-33-050C device using LTSpice IV. The circuit parameters for the microcell of this device were estimated based on test measurements, and are given in Table I . The table also lists the other parameter values that we use in the circuit simulation.
The current through the readout-circuit resistance is simulated and compared to the output obtained using (8) . The result is shown in Fig. 5 . Similarly, the current through the quenching resistance is simulated using LTSpice IV and compared to that obtained using (11) . The result is shown in Fig. 6 . We observe that, for both the single-photoelectron response and the current through the quenching resistance, the analytic and simulated outputs match each other. This further confirms the correctness of the derived expressions.
B. Validating the MC Model 1) Simulation Setup:
To verify the accuracy of our MC model to simulate SiPM response to scintillation light, we consider different test cases. The simulation setup for these test cases is similar to the experimental setup in Van Dam et al. [24] . In this experimental setup, several isotopes such as I-125, Fig. 5 . The single-photoelectron response of a SiPM determined using our analytic expression compared with that simulated using LTSpice. Fig. 6 . The current across the quenching resistance of the SiPM when only one microcell has fired, determined using our analytic expression and compared with that simulated using LTSpice.
Am-241, Hg-203, Na-22, Cs-137, Y-88, and Co-60 are used which emit gamma-ray photons at ten different energies between 27.3 and 1836 keV. The gamma-ray photons are incident on two LaBr3:5%Ce scintillators that are optically coupled to their respective Hamamatsu MPPC S10362-33-050C SiPMs using a Silicone encapsulation gel. The scintillation photons from the scintillators are incident on their respective SiPMs, and each SiPM produces an output charge. This output is expressed in terms of the single-photon-avalanche response parameter [24] , which gives a measure of the mean number of equivalent microcells that fire per photon-triggered avalanche. Let denote the number of scintillation photons emitted by the scintillator. As mentioned earlier, is the detector PDE, so that is the mean number of photon-triggered avalanches. Also, let denote the mean output charge from the SiPM in terms of the equivalent number of fired cells, which is defined as the total output charge divided by the charge due to single fired microcell. Then the parameter is defined as (16) Since is the ratio of the mean number of fired cells per photontriggered avalanche, the value of is an indicator of SiPM saturation. In theory, the value of should be one when the device operates in the pure linear regime and we do not consider the noise effects. However, when SiPM saturation occurs, the value of will be less than one. Afterpulse, crosstalk, and dark current can cause the value of to be greater than one when there are no saturation effects.
2) SiPM Parameter Values and Other Simulation Parameters:
To determine the SiPM parameters in each trial of the MC simulation, we use the mean and standard deviation values determined experimentally in Van Dam et al. [24] , which are listed in Table II . For the sake of consistency, in each trial, we compute the time constant from the values of and using the relation (17) This relation can be derived using (4) and (6a). Also, for the various capacitances in the SiPM microcell circuit, we use the values listed in Table I . We keep the value of the readout-circuit resistance and the measurement time as 15 and 500 ns, respectively, which are the same values as in the experimental setup.
The detector PDE is difficult to measure directly since it depends on factors such as detector geometry, scintillator, and the use of reflecting materials. Therefore, to determine the detector PDE , we use the experimental output that is least influenced by saturation, i.e., the measurement at 27.3 keV. This experimental output is obtained from Van Dam et al. [24] . We find the value of so as to match the modeled and measured response at 27.3 keV. Using this method, we obtain the detector PDE values for Detectors 1 and 2 to be 0.157 and 0.172, respectively.
With regard to SiPM-parameter variation with overvoltage, we assume that the value of gain and dark count rate decrease with decreasing overvoltage linearly, and the values of and decrease with decreasing overvoltage quadratically [21] , [26] . We model the variation in detector PDE with overvoltage using the experimental measurements obtained in Retiére et al. [21] .
3) Comparison With Experimental Output:
We first compare the response predicted from the MC model to actual experimental output. We simulate the experimental setup as described in Section IV-B1 and obtain the response of the two SiPMs for different isotopes, which correspond to the different number of emitted photons. The actual experimental output for this setup is obtained from Van Dam et al. [24] .
In Fig. 7 , the results from our simulation are plotted along with the experimental output. The error bars denote the variance in the single-photon-avalanche response of the simulated output. We notice that the simulated results are close to the experimental output. The Pearson's correlation coefficient between the mean value of the experimental and simulated outputs is greater than 0.99 for both the detectors. There is some discrepancy between the two results that can be due to error in some of the measured parameters, especially the gain . Estimating involves measuring the small signals resulting from only a few photons. Because of this and the high capacitance of the 3 mm 3 mm Hamamatsu S10362-033C, noise increases the difficulty in estimating . The consequences of an error in measuring are significant, since apart from introducing error in the value of the charge due to an avalanche, it also causes an error in the computed values of voltages across quenching and readout-circuit resistances. This in turn affects the computed overvoltage across the microcell, which leads to incorrect update of the various SiPM parameters during the recovery phase of the microcell. Another possible source of discrepancy is that to determine the detector PDE, we fit the model to the measurements at low gamma-ray energies. The photons at low energy values, however, are absorbed in the top few-tenths mm of the crystal and can have a different detector PDE than the high-energy gamma-ray photons that are absorbed throughout the crystal. This depth-of-interaction effect can result in the detector PDE being different for different energy of gamma-ray photons. Also, to evaluate the dependency of the various SiPM parameters on overvoltage for the SiPMs in this experiment [24] , we used the expressions that were obtained from other experimental setups [21] , [26] . However, the relationships between the SiPM parameters and overvoltage might vary for different SiPMs, leading to another source of error. In fact, we observed that when we do not model the decrease in PDE with overvoltage, the experimental and MC outputs match very well. Another reason for the discrepancy can be that we assume a uniform light distribution on the SiPM, an assumption that might not be completely valid. There are also some other reasons for the discrepancies in the measured SiPM parameters, which are mentioned in detail in Van Dam et al. [24] , and due to these errors, some mismatch between the MC and experimental output can be expected. Thus, the comparison with experimental results is more of a best-effort task to validate the MC model. To validate the model further, we perform more simulation experiments that constrain the data.
In the simulation experiments that follow, the setup is the same as the experimental setup, with the exception that only one scintillator-SiPM detector pair is considered. The considered SiPM detector has parameters as listed for Detector 1 in Table II .
4) Comparison With Known Cases:
We compare the model output with cases for which the single-photon-avalanche response is known theoretically and a priori. The first case where the SiPM response is known a priori is when the source is an Fig. 7 . The predicted-SiPM output, expressed in terms of single-photonavalanche response, as a function of the emitted photons from the scintillator, compared with the experimental output obtained from Van Dam et al., [24] . The error bars denote the standard deviation of the single-photon-avalanche response in our MC-model output. Note that although we use our MC model to predict the output at only those points at which the experimental output is known, the MC model can be used to predict the output for any number of scintillation photons. almost instantaneous light pulse ( fs), with no afterpulsing and optical crosstalk effects in the SiPM. The value of for this case is well known mathematically and is given by a simplified exponential model [47] (18)
As we observe in Fig. 8 , the output from our simulation matches with the above-known mathematical model. This result demonstrates the validity of the model in a case where saturation is predominant.
The second case where the SiPM response is known a priori is for a scintillator with a decay time much longer than the time duration of any of the transient effects in the SiPM. In this case, the SiPM microcells fully recover before being triggered by another scintillation photon. However, since afterpulsing occurs within a small duration in the same cell in which the photon-triggered avalanche occurs, the afterpulsing event is still affected due to the non-recovery of the microcell. If we neglect the effect due to afterpulsing, the SiPM output is not affected due to saturation effects, or alternatively, the output is linear to the avalanche-causing effects. Considering the occurrence of optical crosstalk up to any order, the SiPM output is given by an infinite geometrical series. In this case, we can derive the SiPM output expression in terms of the equivalent number of fired cells as (19) Consequently, we can obtain the expression for using (16) as (20) To validate this case, we consider a scintillator with a decay time s as the light source in the simulation setup, and turn off the afterpulsing phenomena in the simulation. We observe in Fig. 8 that the value of obtained from the MC model matches well with the expected theoretical response. We also note that the value of is not a constant. This is due to dark current, which, at low photon counts, is comparable to the total number of photon-triggered avalanches. Consequently, the term in the expression for is significant at low photon counts. This result demonstrates the validity of the MC model in an extreme case where the SiPM is operating in a completely linear regime.
5) Effect of Different SiPM Phenomena:
To further validate the model, we study the effect of specific phenomena in the SiPM and observe if the predicted output is expected. a) Varying Readout-Circuit Resistance: In this experiment, we study the SiPM response as the readout-circuit resistance value is varied from 1 to 500 . We observe from the results shown in Fig. 9 that as the readout-circuit resistance increases, the value of reduces. This is expected since an increase in the output resistance leads to an increase in the output voltage drop across the readout circuit, which in turn leads to a decrease in the overvoltage across the microcells. Thus the SiPM gain and detector PDE are reduced for the photons arriving in the recovery phase. Moreover, the recovery time of the SiPM, which depends on the value of ((6c) and (6d)) also increases, thus leading to increase in SiPM saturation, and thus a decrease in the value of the parameter. We would like to mention here that the experiment of varying readout-circuit resistance with a fast and high-light-yield scintillator such as LaBr3:5%Ce provide a relatively easy method to validate the dependency of the developed MC model.
b) Varying Overvoltage:
In the second experiment, we study the SiPM response as the externally applied initial overvoltage is varied. The results are presented in Fig. 10 , and we observe that as increases, the single-photon-avalanche response becomes smaller, indicating that the SiPM saturation is higher for higher overvoltages. This is expected since as the overvoltage increases, the detector PDE, dark current rate, and the afterpulsing and crosstalk probability increase. This leads to a higher number of triggered avalanches, due to which saturation effects increase. Moreover, at higher overvoltage, the gain is higher, and this also leads to more saturation. 
c) Turning Off Certain SiPM Phenomena:
In this experiment, we turn off the effect due to certain SiPM phenomena in the simulation. This can be easily done using a flag that is provided as a user input. We first turn off the effect due to afterpulsing and optical crosstalk processes. We observe that the predicted-SiPM output reduces in this case, and this reduction is more pronounced at low photon counts, as shown in Fig. 11 . Also, at low photon counts, the predicted value of is equal to unity in the absence of crosstalk and afterpulse. In another experiment, we turn off the variation in detector PDE due to variation in overvoltage. We observe, from the result shown in Fig. 11 , that the SiPM output increases in this case. All these results are expected and help validate the model further.
d) Sensitivity Analysis: In this experiment, we study the sensitivity of the SiPM output to the measured detector PDE value. We choose three detector PDE values, 0.125, 0.15 and 0.175, and obtain the SiPM output for each of these detector PDE values using the MC model. We plot the value of as a function of the number of emitted photons in Fig. 12 . We also plot the standard deviation of since it indicates the precision of the predicted MC output, which is required in this analysis. We observe that, as expected, an increase in the detector PDE leads to increased saturation. Sensitivity analysis such as these can help a end-user determine the effect of error in any measured SiPM parameter. They can also indicate whether the coarse estimation of a SiPM parameter is sufficient to compute SiPM response in comparison to an accurate estimation. This is helpful if an end-user is considering whether to use an approximate value for a certain SiPM parameter, or instead design an experimental setup and measure the parameter accurately.
6) Predicting Response to Different Scintillators:
We use the MC model to predict the SiPM response to four different scintillators, viz. LaBr :5%Ce, LYSO, NaI:Tl, and BGO, irradiated with gamma-ray photons of energy 511 keV, as used in PET. Each of these scintillators has different decay times and different light yields [48] , [49] , as listed in Table III . Since the detector PDE, , depends on factors such as detector geometry and the use of reflecting materials, we compute the response as a function of the detector PDE.
We plot the results for this experiment in Fig. 13 . We observe that for the low-light-yield BGO scintillator, saturation is not really a significant issue. For NaI:Tl and LYSO, which have higher light yield and smaller decay time than BGO, saturation effects are more pronounced and the value of is less than unity when the detector PDE is high. LaBr :5%Ce, which is the fastest and highest light-yield among the four scintillators is affected most by saturation. We also observe that the value of for BGO is higher at lower detector PDE values than at the higher detector PDE values. This is due to the higher relative contribution of dark current at low detector PDE values to the total output charge. We also note that at low detector PDE value, the value of is higher for low-light-yield scintillators such as BGO and LYSO as compared to the high-light-yield scintillators such as LaBr :5%Ce and NaI:Tl. This is because computing the value of requires a division by (16) . This term is smaller for low-light-yield scintillators, due to which the relative contribution of the dark current term (15) to the value of , i.e., , becomes significant. Thus, all the observations are expected, further validating the model.
C. Computational Time Requirements
To evaluate the computational time requirements of the developed software, and to study the dependency of the output on the number of timesteps in the simulation, we conduct two sets of experiments on a system consisting of two quad-core Intel Xeon 2.26 GHz processors running 64 bit Linux. In the first experiment, we have the same general simulation setup as described at the beginning of Section IV-B with a LaBr :5%Ce crystal and a SiPM detector with the same parameters as Detector 1 in Table II . The experiment is run with four different values for the number of timesteps, which are 1, 10, 20, and 25, respectively. The SiPM output with 25 timesteps is considered to be an approximately true value of the output since on increasing the number of timesteps further, the SiPM output changes by only a very small amount. Using this output as the true value, the absolute value of the error in the output when 1, 10 and 20 timesteps are considered, is evaluated and plotted as a function of the number of scintillation photons in Fig. 14(a) . We observe that on increasing the number of timesteps from 1 to 10, the error in the output reduces significantly. A further increase in the number of timesteps causes a minor decrease in the error. Thus we observe the convergence of the simulation output as the number of timesteps increases. In Fig. 14(b) , the computational time required by the software for one trial of the MC simulation, and 1, 10, and 20 timesteps is plotted as a function of the number of scintillation photons. We observe that as the number of incident photons increases, the computation time increases almost linearly. Also, increasing the number of timesteps does not have a significant effect on the computational time requirements of the software.
In the second experiment, we have the simulation setup as in Section IV-B6. The computational time required by one trial of the MC simulation, when the detector PDE value is 0.2, and with 20 time steps, is listed in Table III . As expected, for a low-light-yield scintillator such as BGO, the time required is lower than the time required for a high yield scintillator such as LaBr :5%Ce.
V. CONCLUSION
We have developed a discrete-time discrete-event MC simulation framework to model the response of the SiPM to scintillation light. The model considers all the relevant processes that occur within a SiPM. The model response is compared with experimental data obtained from two Hamamatsu S10362-33-050C SiPMs coupled to LaBr :5%Ce crystals, and with some cases where the SiPM response is known a priori. The model is also used to study the effect of varying overvoltage and readout-circuit resistance on the SiPM response, perform sensitivity analysis, predict the SiPM response to different scintillators, and study the different SiPM phenomena individually. The MC model can also be used to determine the variance in the computed SiPM output. We have also shown that the model can help in determining difficult-to-measure SiPM parameters such as the detector PDE. Due to all these novel capabilities, the model provides us with a efficient tool to analyze and simulate SiPM behavior comprehensively, and thus aid in the various tasks that require relating SiPM output to scintillation light.
We have also derived an analytic expression for the singlephotoelectron response, and the current across the quenching resistance of the SiPM microcell. We have validated the expressions by comparing them with the output obtained using the LTSpice IV circuit-simulation software. These expressions are needed to accurately simulate the different phenomena in the SiPM and to understand the behavior of SiPMs. Also, the values of the current and voltage drop across the quenching resistance cannot even be measured experimentally [30] . Thus, the presence of an analytic expression for these quantities is useful. While a circuit-simulation software can be used to obtain these current and voltage drops, since these software are essentially discrete time, they can suffer from interpolation errors when required to find the output at a specific time. On the contrary, using the analytic expressions, we can compute the exact value of these voltage drops at any time value accurately. Apart from that, implementing an analytic expression in a simulation is often easier compared to the task of integrating a circuit-simulation software into another simulation. Moreover, the expressions are useful for studying the electrical characteristics and the pulse shapes of the SiPM. These, in turn, are necessary for their optimized use in different applications, in particular for the design of front-end electronics for SiPM-based detectors [31] , [50] . Since the expressions are analytic, the optimization procedures can be implemented on numerical-computing software such as Matlab, instead of the current methods of using circuit-simulation software [31] . The presence of an analytic expression for an optimization task is advantageous, since different calculus-based methods can easily be applied on the analytic expressions. Finally, the analytic expression can also be used to simulate the transient response of the SiPM. This is especially useful in PET systems where the SiPM is used to gather timing information.
We will make the source code of our software available via the corresponding author to anyone interested. Thus, a SiPM end-user will be able to fine tune this code for their own specific application. Similarly, if a new advance is made in the field of SiPM science or technology, the scientist or designer will be able to modify our code to include the new development, and study the SiPM response. Finally, with regard to the process of generating scintillation light, we have kept our software package general. The software requires the time stamps of all the photons that are incident on the SiPM, and this list can be obtained using simulation-software like Geant [51] , SCOUT [52] or any software that a system designer has designed for their system.
APPENDIX A SIPM CIRCUIT ANALYSIS
In this Appendix, we analyze the SiPM circuit and derive the expression for , as mentioned in (8) . Consider the equivalent SiPM circuit shown in Fig. 2 . Applying the Kirchhoff's voltage law across the different paths between , we obtain the following equations: 
Substituting the expression for from (23b) into (23f), and after some rearranging of terms, we obtain (24) Similarly, substituting the expression for from (23a) into (23e) yields (25) Using (23c), (24) and (25) in (23d), we solve for in terms of , which yields (26) where we have used (6a)-(6d) for ease of notation. We take the inverse Fourier transform on both sides of the above equation. Due to the sifting property of the function, the terms involving disappear on performing the integration over . Therefore, we obtain (27) Finally, using Ohm's law, , and thus the expression for is obtained (8) .
APPENDIX B CONTOUR INTEGRATION TO EVALUATE THE SINGLE-PHOTOELECTRON RESPONSE
In this Appendix, we solve the integral in (8) using contour integration. To evaluate the single-photoelectron response , we have to evaluate the expression given by (5), repeated here for convenience: (28) where is the Fourier transform of the diode current. Since the denominator of the integrand in (28) is a quadratic expression, the roots of this expression are easily computed by evaluating the discriminant of the quadratic expression. Let us denote these roots by and . Then, using (7) to substitute the expression for in the above equation, we obtain the expression for as (29) The above equation can further be rewritten as (30) To solve this equation using contour-integration method, the variable is replaced by the complex variable . We define the integrand to be the function so that (31) Our task then is to evaluate the integral (32) As shown in Fig. 15 , the poles of the integrand lie on the imaginary axis in the upper half of the complex plane. Typically for a SiPM, . Since , to evaluate this integral using contour-integration, we consider a contour in the upper half of the complex plane, as shown in Fig. 15 and evaluate along this contour. This contour consists of two parts, and . While is along the real line from the complex point to the complex point is along the upper half of a semicircle of radius centered at the origin. To determine , we consider the case where . Using Jordan's lemma [53] , we can show that as , the value of the integral over the contour is zero. Therefore
The left hand side of the above equation, i.e., , is evaluated using the residue theorem. To illustrate briefly, the Fig. 15 . The contour over which we perform the integration to evaluate .
poles of are at and . We therefore evaluate the residues at each of these poles. For example, the residue at is given by (34) Using the residue theorem [53] 
From (29)- (35), we obtain the expression for (8) .
APPENDIX C CURRENT ACROSS QUENCHING RESISTOR
In this Appendix, we obtain the expression for the current across the quenching resistance due a single avalanche, given by (11) . Using the expression for from (25) in (23a), we obtain the expression for as (36) 
Substituting the expression for from (26) into the above equation and performing an inverse Fourier transform, we obtain (37) where the terms containing disappear on invoking the the shifting property of the function. The denominator in the above integrand has the same quadratic expression as the integrand in (28) . Therefore, we replace the quadratic expression by the . Also replacing the expression for from (7) in (37) , and using Ohm's law to determine yields (38) , shown at the bottom of the previous page, which is solved using contour integration. The derivation is similar to the derivation in Appendix B. This yields the expression for , given by (11) .
